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Abstract

In his fundamental paper (RAIRO Anal. Numer. 12 (1978) 325) Duchon presented a

strategy for analysing the accuracy of surface spline interpolants to sufficiently smooth

target functions. In the mid-1990s Duchon’s strategy was revisited by Light and Wayne

(J. Approx. Theory 92 (1992) 245) and Wendland (in: A. Le Méhauté, C. Rabut,

L.L. Schumaker (Eds.), Surface Fitting and Multiresolution Methods, Vanderbilt Univ.

Press, Nashville, 1997, pp. 337–344), who successfully used it to provide useful error estimates

for radial basis function interpolation in Euclidean space. A relatively new and closely

related area of interest is to investigate how well radial basis functions interpolate data

which are restricted to the surface of a unit sphere. In this paper we present a modified

version Duchon’s strategy for the sphere; this is used in our follow up paper (Lp-error

estimates for radial basis function interpolation on the sphere, preprint, 2002) to provide

new Lp error estimates ðpA½1;N�Þ for radial basis function interpolation on the

sphere.
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1. Introduction

In the Euclidean space setting the so-called Duchon framework [3] is a well-known
and useful strategy for providing error bounds for radial basis function interpolation
[6,11]. The approach itself is a local-global strategy whereby a function defined on a

suitable domain OCRd is examined locally over a collection of open Euclidean balls
Bi whose union covers O: When applied to interpolation problems, the overall
strategy allows us to glue together local interpolation error estimates (over the
Euclidean balls) and so provide a useful global error bound. In this paper we

specialise the framework to the ðd � 1Þ-dimensional unit sphere, Sd�1CRd : In this
setting our local analysis will take place on a geodesic ball

Gðz; yÞ ¼ fxASd�1 : gðz; xÞoyg; zASd�1 yAð0; 2pÞ;

where g : Sd�1 
 Sd�1-½0; p� denotes the geodesic distance defined by
gðx; ZÞ ¼ cos�1ðxTZÞ; x; ZASd�1: ð1:1Þ

Our purpose is two fold. First, we will show that it is possible to cover Sd�1 with a
finite collection of geodesic balls Gi ¼ Gðzi; yÞ each with the same radius y; such that
for any f belonging to the Sobolev space W

b
2 ðSd�1Þ; we haveX

Gi

jj f jGi
jj2

W
b
2
ðGiÞpQjj f jj2

W
b
2
ðSd�1Þ; ð1:2Þ

where the constant Q is independent of y: The idea of considering local restrictions

f jGðz;yÞ of a global function fAW
b
2 ðSd�1Þ is key to the success of Duchon’s strategy

for the sphere [5]. This brings us to our second purpose which is, first of all, to
construct a linear extension operator

E :Wb
2 ðGðz; yÞÞ-W

b
2 ðSd�1Þ

which satisfies Ef jGðz;yÞ ¼ f and

jjEf jj
W

b
2
ðSd�1ÞpKjj f jj

W
b
2
ðGðz;yÞÞ; for all fAW

b
2 ðGðz; yÞÞ;

where the constant K is independent of f : We remark that this extension result is
essentially known, indeed such results hold true on compact boundary free
Riemannian manifolds (see [7]). However, it is instructive to run through the
construction details for the sphere because we can then easily establish then that the
extension constant K necessarily depends on the radius y of the geodesic ball. The
dependence of K on y is unavoidable. However, if we impose a set of dense zero
conditions on the functions, that is we let X ¼ fxigN

i¼1 denote a set of distinct points
in Gðz; yÞ and consider the subspaceeWWb

2 ðGðz; yÞÞ ¼ f fAW
b
2 ðGðz; yÞÞ: f ðxÞ ¼ 0; xA Xg;

then

jjEf jj
W

b
2
ðSd�1ÞpeKKjj f jj

W
b
2
ðGðz;yÞÞ; for all fA eWWb

2 ðGðz; yÞÞ;
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where eKK is independent of y: With this established the specialization of the Duchon
framework to the sphere is complete.

1.1. Interpolation theory of Banach spaces: basic results

Let A0 and A1 be Banach spaces such that there is a continuous inclusion A1CA0:
Two such Banach spaces are said to be an interpolation pair ðA0;A1Þ: For any fAA0

and t40; we define the K-functional as

Kðt; f Þ ¼ inf
gAA1

ðjj f � gjjA0
þ tjjgjjA1

Þ: ð1:3Þ

For tAð0; 1Þ; the interpolation space At ¼ ðA0;A1Þt is defined to be the Banach
subspace of A0 for which the following norm is finite:

jj f jjt ¼ jjKðt; f Þt�tjj
L2ðð0;NÞ;dt

t
Þ
¼

Z
N

0

Kðt; f Þ
tt

� �2
dt

t

 !1=2
: ð1:4Þ

Operator interpolation property. Suppose that we have two interpolation pairs
ðA0;A1Þ and ðB0;B1Þ as above, and a linear operator T that maps Ai to Bi; such that

jjTf jjBi
pCi � jj f jjAi

; for all fAAi; iAf0; 1g:

Then the operator interpolation property says that T may be viewed as a bounded
linear map of At to Bt and

jjTf jjBt
pC1�t

0 Ct
1 � jj f jjAt

; for all fAAt: ð1:5Þ

The above results may be found in [10]. Our main interest lies in applying these

results to the Sobolev spaces W k
2 ðOÞ; where k (the order of the Sobolev space) is a

non-negative integer and O is a bounded open set in Rd : Specifically, W k
2 ðOÞ is

defined to be the Hilbert subspace of functions fAL2ðOÞ for which the following
norm is finite:

jj f jjW k
2
ðOÞ ¼ ð f ; f Þ1=2

W k
2
ðOÞ ¼

X
0pjajpk

jjDaf jj2L2ðOÞ

0@ 1A
1
2

: ð1:6Þ

Due to the demand on the derivatives in (1.6) it is clear that W m
2 ðOÞCW k

2 ðOÞ for
0pkom; and so ðW m

2 ðOÞ;W k
2 ðOÞÞ is an interpolation pair. The importance of

interpolation spaces in this case comes from the fact that

ðW k
2 ðOÞ;W m

2 ðOÞÞtDW
ð1�tÞkþtm
2 ðOÞ; whenever ð1� tÞk þ tmAN;

where D denotes norm equivalence; see [7]. For this reason, the fractional Sobolev

space W kþt
2 ðOÞ is defined as follows:

W kþt
2 ðOÞ ¼ ðW k

2 ðOÞ;W kþ1
2 ðOÞÞt ¼ f fAW k

2 ðOÞ : jj f jjW kþt
2

ðOÞoNg; ð1:7Þ
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where, by (1.4), we have

jj f jjW kþt
2

ðOÞ ¼
Z

N

0

Kðt; f Þ
tt

� �2
dt

t

 !1=2
ð1:8Þ

and

Kðt; f Þ ¼ inf
gAW kþ1

2
ðOÞ

ðjj f � gjjW k
2
ðOÞ þ tjjgjjW kþ1

2
ðOÞÞ: ð1:9Þ

The development of Sobolev space theory begins with a study of the global spaces,

where O ¼ Rd : In order to generalise the various results established for Rd to the case
of a bounded domain O; it is important to know whether there exists a continuous
linear extension operator

E :W k
2 ðOÞ-W k

2 ðRdÞ; satisfying ðEf ÞjO ¼ f ; for all fAW k
2 ðOÞ: ð1:10Þ

In [9], Stein proved the following remarkable theorem.

Theorem 1.1. Let O be a bounded open connected set with sufficiently smooth

boundary. There exists an extension operator (1.10) defined for all non-negative

integers k, such that

jjEf jjW k
2
ðRnÞpCext � jj f jjW k

2
ðOÞ; where Cext is independent of f :

Furthermore, if O ¼ Bðx; rÞ is an open ball, then there exists e040 such that for any

eAð0; e0Þ E can be chosen so that the support of Ef is contained in Bðx; ð1þ eÞrÞ:

For an excellent overall account of Sobolev space theory see [1], Further, for a
shorter but detailed review of the material needed in this paper see [7, Chapter 2].

2. Sobolev spaces on the sphere

In order to construct a Sobolev extension operator for the sphere we must, first of
all, define the relevant local and global spherical Sobolev spaces. There are several
(equivalent) ways of defining these spaces, however the definition that we shall use
relies on the fact that the sphere is a ðd � 1Þ-dimensional differentiable manifold.
The notion of defining a Sobolev space on a differentiable manifold was considered
in [7], we shall give an account of this theory before specialising it to the sphere.

2.1. Differentiable manifolds

LetM denote a ðd � 1Þ-dimensional compact differentiable manifold, and suppose
that A ¼ fUi;fig

n
i¼1 is an atlas forM; i.e., a finite collection of charts ðUi;fiÞ; where

Ui are open subsets of M; covering M; and where fi are infinitely differentiable

mappings fi :Ui-Bð0; 1ÞCRd�1; whose inverses f�1
i are also infinitely differenti-

able. Also, let fwi :M-Rgn
i¼1 be a partition of unity subordinated to the atlas, i.e., a
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set of infinitely differentiable functions wi onM vanishing outside of compact subsets
of the Ui; such that

P
i wi ¼ 1:

For any function f :M-R; we can use a partition of unity to write

f ¼
Xn

i¼1
ðwi f Þ; where ðwi f ÞðmÞ ¼ wiðmÞf ðmÞ; mAM: ð2:1Þ

This gives us a decomposition of f in terms of local functions wi f ; which are
compactly supported in Ui: For any function f :M-R with compact support in Ui;

we can define its projection pið f Þ :Rd�1-R onto Rd�1 by

pið f ÞðxÞ ¼ f 3f�1
i ðxÞ if xABð0; 1Þ;

0 otherwise:

(
ð2:2Þ

With this in place, we define the Sobolev space W
b
2 ðMÞ ðb40Þ to be the set

W
b
2 ðMÞ :¼ f fAL2ðMÞ : piðwi f ÞAW

b
2 ðRd�1Þ; for i ¼ 1;y; ng; ð2:3Þ

which is equipped with the norm

jj f jj
W

b
2
ðMÞ ¼

Xn

i¼1
jjpiðwi f Þjj2

W
b
2
ðRd�1Þ

 !1
2

: ð2:4Þ

2.2. Application to the sphere

Let n̂ ¼ ð0;y; 1Þ and ŝ ¼ ð0;y;�1Þ denote the north and south poles of the Sd�1;
respectively. Then a simple open cover for the sphere is provided by

U1 ¼ Gðn̂; y0Þ and U2 ¼ Gðŝ; y0Þ; where y0A
p
2
;
2p
3

� �
: ð2:5Þ

Definition 2.1. The stereographic projection sn̂ of the punctured sphere Sd�1
\fn̂g

onto Rd�1 is defined as the mapping that takes xASd�1
\fn̂g to the intersection of the

equatorial hyperplane fxd ¼ 0g; and the extended line that passes through x and n̂:

We remark that the stereographic projection sŝ based on ŝ can be defined
analogously. Using elementary trigonometry we can set

f1 ¼
1

tanðy0=2Þ
� sŝ and f2 ¼

1

tanðy0=2Þ
� sn̂; ð2:6Þ

and conclude that A ¼ fUi;fig
2
i¼1 is a CN atlas of covering coordinate charts for the

sphere. Hence, Sd�1 is a ðd � 1Þ-dimensional differentiable manifold and so we
define the Sobolev space W

b
2 ðSd�1Þ to be the set

f fAL2ðSd�1Þ : piðwi f ÞAW k
2 ðRd�1Þ for i ¼ 1; 2g; ð2:7Þ

ARTICLE IN PRESS
S. Hubbert, T.M. Morton / Journal of Approximation Theory 129 (2004) 28–5732



which is equipped with the norm

jj f jj
W

b
2
ðSd�1Þ ¼

X2
i¼1

jjpiðwi f Þjj2
W

b
2
ðRd�1Þ

 !1
2

: ð2:8Þ

This definition seems to depend on the choice of atlas used to define Sd�1: However,
it can be shown that any two spaces defined using two different atlases coincide as
sets, and norms (2.8) are equivalent, see [7] for details.
In order to define the spaces on some geodesic ball, Gðz; yÞ; we use the coordinate

charts to specify open sets in Rd�1 by

Oi ¼ fiðGðz; yÞ-UiÞ for iAf1; 2g: ð2:9Þ

The local Sobolev space W
b
2 ðGðz; yÞÞ of order b is defined to be the set

f fAL2ðGðz; yÞÞ : piðwi f ÞjOi
AW

b
2 ðOiÞ for iAf1; 2g;Oia|g; ð2:10Þ

which is equipped with the norm

jj f jj
W

b
2
ðGðz;yÞÞ ¼

X2
i¼1

jjpiðwi f ÞjOi
jj2

W
b
2
ðOiÞ

 !1
2

ð2:11Þ

where, if Oi ¼ |; then we adopt the convention that jj � jj
W

b
2
ðOiÞ ¼ 0:

2.3. On specific local Sobolev spaces

Let A ¼ fUi;fig
2
i¼1 denote a fixed atlas for Sd�1 and let fwig2i¼1 denote a

corresponding partition of unity. Our aim here is to present a closer analysis of the

local spaces W k
2 ðGðz; yÞÞ where k is a non-negative integer.

For any function fAW k
2 ðGðz; yÞÞ; we can use the partition of unity and the atlas to

write

f ¼
X2
i¼1

ðwi f ÞjGðz;yÞ-Ui
¼
X2
i¼1

ðwi f Þ3f�1
i jOi¼fiðGðz;yÞ-UiÞ: ð2:12Þ

Further, we have the following useful observation.

Observation 2.2. Each wi has compact support, suppfwigCUi: Thus, there exists a

positive constant CA; depending only on A and the partition of unity fw1; w2g; such that

the geodesic distance of suppfwig from the boundary of Ui is strictly greater than CA;
for iAf1; 2g:

Let aAð0; 1Þ and let ViðaÞ denote the aCA-geodesic neighbourhood of suppfwig;
for iAf1; 2g: Furthermore, if yoCA=3 and zASd�1; then we have the following cases
(Fig. 1):

1. zeV2ð1=3Þ ) Gðz; yÞCV1ð2=3ÞCU1; and suppfw2g-Gðz; yÞ ¼ |;
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2. zeV1ð1=3Þ ) Gðz; yÞCV2ð2=3ÞCU2; and suppfw1g-Gðz; yÞ ¼ |;

3. zAV1ð1=3Þ-V2ð1=3Þ ) Gðz; yÞCVið2=3ÞCUi; for iAf1; 2g; and
(a) either suppfw1g-Gðz; yÞ or suppfw2g-Gðz; yÞ is non-empty,
(b) both suppfw1g-Gðz; yÞ and suppfw2g-Gðz; yÞ are non-empty.

The condition yoCA=3 is sufficient to guarantee that closure of Gðz; yÞ is a subset of
at least one of the open subsets U1 or U2; defined by (2.5). It is well-known (see [8])

that the stereographic coordinate charts ffig
2
i¼1 as defined in Eq. (2.6) map geodesic

balls to Euclidean balls, thus we can deduce that

fiðGðz; yÞÞ ¼ Oi ¼ Bðxi; riÞ and fiðGðz;CA=3ÞÞ ¼ BðxA
i ; rAi Þ: ð2:13Þ

In general xiaxA
i ; that is, concentric geodesic balls are not, in general, mapped to

concentric Euclidean balls.

For further illustration, suppose that zASd�1 is positioned as in case 3 above. In
this case we have the following strict inclusions:

Gðz; yÞCGðz;CA=3ÞCVið2=3ÞCUi; iAf1; 2g;

and thus both O1 and O2 are Euclidean balls. Indeed, taking the fi images and using
(2.13) gives

OiCfiðGðz; yÞÞ|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
¼Bðxi ;riÞ

CfiðGðz;CA=3ÞÞ|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
¼BðxA

i
;rA

i
Þ

CfiðVið2=3ÞÞCBð0; 1Þ; iAf1; 2g:

Since these inclusions are strict there exists a positive constant eA such that

BðxA
i ; rAi ÞCfiðVið2=3ÞÞCBð0; 1� eAÞCBð0; 1Þ; iAf1; 2g:
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Thus, for any positive eoeA; we have

Oi ¼ Bðxi; riÞCfiðGðz; yÞÞCBðxi; ri þ eÞCBðxA
i ; rAi þ eÞCBð0; 1Þ;

iAf1; 2g: ð2:14Þ

Also, when Gðz; yÞ is not completely contained in one of the Ui (a possibility covered

by cases 1 and 2 above) then we note that suppfwig-Gðz; yÞ ¼ |: In this case, for any
given fAW k

2 ðGðz; yÞÞ; we can deduce that

fi ¼ ðwi f Þ3f�1
i jOi

¼ ðwi f ÞjGðz;yÞ-Ui
¼ 0: ð2:15Þ

In summary we have (see Fig. 2):

Lemma 2.3. Let CA be as in Observation 2.2. Then for any zASd�1 and yoCA=3
we have

(i) at least one of the open sets Oi ðiAf1; 2gÞ as defined in Eq. (2.9), is an open

Euclidean ball, Bðxi; riÞ;
(ii) there exists a positive constant eA; depending only on the atlas A; such that, if

Oi ¼ Bðxi; riÞ; then Bðxi; ri þ eÞCBð0; 1Þ for all 0oeoeA;
(iii) if Oi is not an open Euclidean ball and fAW k

2 ðGðz; yÞÞ then ðwi f Þ3f�1
i jOi

¼ 0:

Lemma 2.3 allows us to take the view that a Sobolev space on a suitable geodesic

ball in Sd�1 essentially ‘‘behaves’’ like a Sobolev space on a Euclidean ball in Rd�1:
The following result shows that the radii of the geodesic and Euclidean balls are
comparable.
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Lemma 2.4. Assume that Gðz; yÞCUi; iAf1; 2g; and let Bðxi; riÞ be as in (2.13). Then

there exist positive constants c0 and C0 such that

c0 � ypripC0 � y; iAf1; 2g: ð2:16Þ

Proof. The Euclidean and geodesic distances (1.1) between any two points x; ZASd�1

are related by the formula

dðx; ZÞ ¼ jjx� Zjj ¼ 2 sin
gðx; ZÞ
2

� �
:

Furthermore, if x; ZASd�1
\fn̂g; we have the following relationship from [8]:

jjx� Zjj ¼ 2jjsŝðxÞ � sŝðZÞjj
ð1þ jjsŝðxÞjj2Þ1=2ð1þ jjsŝðZÞjj2Þ1=2

:

We remark that the analogous relation holds for x; ZASd�1
\fŝg: Let x; ZAGðz; yÞ

then, without loss, we shall establish (2.16) for i ¼ 1: The above relations and (2.6)
yield

sin
gðx; ZÞ
2

� �
¼ tanðy0=2Þjjf1ðxÞ � f1ðZÞjj

ð1þ tan2ðy0=2Þjjf1ðxÞjj
2Þ1=2ð1þ tan2ðy0=2Þjjf1ðZÞjj

2Þ1=2
:

Since f1ðU1Þ ¼ Bð0; 1Þ; we can maximise and minimise this expression by assuming
that jjf1ðxÞjj ¼ jjf1ðZÞjj equals 0 and 1, respectively. This gives

sin y0jjf1ðxÞ � f1ðZÞjjp2 sin
gðx; ZÞ
2

� �
p2 tanðy0=2Þjjf1ðxÞ � f1ðZÞjj:

For any aAð0; p=3Þ; the small angle result, a=2psin apa; implies that

sin y0jjf1ðxÞ � f1ðZÞjjpgðx; ZÞp2y

and

gðx; ZÞp4 tanðy0=2Þjjf1ðxÞ � f1ðZÞjjp8 tanðy0=2Þr1:

Since we can write

2r1 ¼ sup
x;ZAGðz;yÞ

jjf1ðxÞ � f1ðZÞjj and 2y ¼ sup
x;ZAGðz;yÞ

gðx; ZÞ;

the proof is completed by taking the supremum on the left-hand sides of the two

inequalities above. We find that c0 ¼ ð4 tanðy0=2ÞÞ�1 and C0 ¼ ðsin y0Þ�1: &

3. Duchon’s inequality for the sphere

The original Duchon framework makes use of a scaled integer lattice in Rd to
provide a regular mesh with a specified spacing. While we do not have quite such a
regular mesh on the sphere, we can find a quasi uniform mesh that will satisfy our
requirement. An example can be obtained by inscribing a d-dimensional cube inside
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Sd�1 with a scaled integer lattice embedded on each side, then radially projecting the

lattice points to Sd�1:

Lemma 3.1. Let dX2; be an integer and set

M ¼ 2
ffiffiffiffiffiffiffiffiffiffiffi
d � 1

p
and dd ¼ 1

4d3=2
:

Let M1 be an arbitrary positive number, yAð0; p=3Þ and set

h0 :¼
y

M þ M1 þ dd

: ð3:1Þ

Then, for any hAð0; h0Þ; there exists a set of points ZhCSd�1 such that

Sd�1 ¼
[

zAZh

Gðz;MhÞ:

Let FA denote the characteristic function of a set ACSd�1: There exists a positive

integer Q independent of h such thatX
zAZh

FGðz; %MhÞpQ; where %M ¼ M þ M1: ð3:2Þ

Further, the cardinality of Zh is bounded above by CQh�ðd�1Þ; where CQ is independent

of h.

Proof. Let M1 be a given positive constant, yAð0; p=3Þ and let h0 be as in (3.1)
and choose hAð0; h0Þ: To specify a mesh Zh for the sphere we inscribe a d-

dimensional cube inside Sd�1: This cube will have side 2=
ffiffiffi
d

p
: Let nhX2 denote the

integer such that

1

nh

pho
1

nh � 1
: ð3:3Þ

On each face of the inscribed cube we place a regular mesh of dimension d � 1
such that each subcube has side 2=ðnh

ffiffiffi
d

p
Þ: That is, we place a lattice of points

isomorphic to

2

nh

ffiffiffi
d

p � Zd�1- � 1ffiffiffi
d

p ;
1ffiffiffi
d

p
� �d�1

on each side of the cube. We now define Zh to be the radial projection of these points

on the cube onto Sd�1:
Suppose that two points x1 and x2 lie on one side of the inscribed cube and are a

distance b apart. Let x1 and x2 be the radial projections onto Sd�1 of x1 and x2;
respectively. Consider Fig. 3. The point x̂ is the closest point to the origin from the
(extended) line connecting x1 and x2: Further, r1 and r2 represent the respective
distances of x1 and x2 relative to x̂ (with the convention that r2X0Þ:We observe that
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the distance a of x̂ to the origin satisfies

1ffiffiffi
d

p pao1: ð3:4Þ

The geodesic distance gðx1; x2Þ is given by

gðx1; x2Þ ¼ tan�1
r1

a
� tan�1 r2

a

��� ���:
Employing the mean value theorem we can deduce that

gðx1; x2Þ ¼
b

a
� 1

1þ x2
; for some xA � 1

a

ffiffiffiffiffiffiffiffiffiffiffi
d � 1

d

r
;
1

a

ffiffiffiffiffiffiffiffiffiffiffi
d � 1

d

r !
: ð3:5Þ

Maximising the RHS of (3.5) and using (3.4) gives gðx1; x2Þpb
a
ob

ffiffiffi
d

p
: Similarly,

minimising the RHS gives

gðx1; x2ÞX
b

a
� ad2

dða2 þ 1Þ � 14
b

a
� 1

2d � 14
b

2d
:

Thus, we have shown

b

2d
pgðx1; x2Þpb

ffiffiffi
d

p
: ð3:6Þ

For any xASd�1; let zx denote its closest point from Zh: Let Cd denote the

d-dimensional cube inscribed into Sd�1; then we can view the radial projection as a

mapping Proj : Cd-Sd�1: In particular, let xACd be such that

ProjðxÞ ¼ x:

The point x necessarily lies within a ðd � 1Þ-dimensional subcube, which contains the
lattice point x̂ such that

Projðx̂Þ ¼ xz:
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The furthest that x can be away from x̂ is bounded above by 2
nh

ffiffiffiffiffiffiffi
d�1

d

q
; the diameter of

the subcube. Hence, by (3.6) and (3.3), any xASd�1 is such that

min
zAZh

gðz; xÞ ¼ gðzx; xÞo
2

nh

ffiffiffiffiffiffiffiffiffiffiffi
d � 1

p
p2h

ffiffiffiffiffiffiffiffiffiffiffi
d � 1

p
:

This proves the first part of the theorem for M ¼ 2
ffiffiffiffiffiffiffiffiffiffiffi
d � 1

p
:

The minimum separation distance of the lattice points on the surface of the

inscribed cube is 2=ðnh

ffiffiffi
d

p
Þ: Therefore by (3.6) and (3.3)

min
z;z0AZh

gðz; z0Þ41
2

2

nh

ffiffiffi
d

p
� �

1

d
4
1

2

h

d3=2
¼ 2ddh: ð3:7Þ

We now show that the second part of the theorem holds by an elementary surface

area argument. Let xASd�1 and suppose thatX
zAZh

FGðz;ðMþM1ÞhÞðxÞ ¼ N;

that is,

gðx; ziÞoðM þ M1Þh ¼ %Mh; for ziAZh; i ¼ 1;y;N:

This implies that

Gðzi; ddhÞ;CGðx; %Mh þ ddhÞ; for i ¼ 1;y;N: ð3:8Þ

For any geodesic ball Gðx; yÞ; with xASd�1 and yAð0; p=3Þ there exists
positive constants Ca

1 and Ca
2; depending only on d; such that its surface area is

bounded by

Ca
1 � yd�1p

Z
Gðx;yÞ

dod�1pCa
2 � yd�1; xASd�1:

We note that, as a consequence of (3.7), the balls Gðzi; ddhÞ ði ¼ 1;y;NÞ are
disjoint. Thus, by (3.8), we can conclude that the area of Gðx; %Mh þ ddhÞ; which, by
the choice of h0; is bounded above by Ca

2 � ð %Mh þ ddhÞd�1; must be at least NCa
1 �

ðddhÞd�1: This implies that

NCa
1 � dd�1

d pCa
2 � ð %M þ ddÞd�1:

Therefore, there exists an integer Q that is independent of x and h such that

Np
Ca
2

Ca
1

%M

dd

þ 1
� �d�1

pQ:
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To finish the proof we let jZhj denote the cardinality of the mesh. Then we have

jZhj � Ca
1ð %MhÞd�1 ¼

X
zAZh

Ca
1ð %MhÞd�1

p
X
zAZh

Z
Gðz; %MhÞ

dod�1ðxÞ ¼
X
zAZh

Z
Sd�1

FGðz; %MhÞðxÞdod�1ðxÞ

¼
Z

Sd�1

X
zAZh

FGðz; %MhÞðxÞ|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
pQ

dod�1ðxÞp Qod�1:

That is,

jZhjp
Qod�1
Ca
1
%Md�1

� �
h�ðd�1Þ ¼ CQh�ðd�1Þ;

where CQ is independent of h: &

We are now in position to prove the main result of this section.

Theorem 3.2. Let dX2; be an integer. Let b40 and let M1 be any positive number. Let

h0 be as in (3.1) with y ¼ CA=3; that is

h0 ¼
CA

3ð %M þ ddÞ
where %M ¼ 2

ffiffiffiffiffiffiffiffiffiffiffi
d � 1

p
þ M1 and dd ¼ 1

4d3=2
:

Let hAð0; h0Þ and let Zh denote the corresponding quasi-uniform mesh for Sd�1 from

Lemma 3.1. Then, for any fAW
b
2 ðSd�1Þ; we haveX

zAZh

jj f jj2
W

b
2
ðGðz; %MhÞÞpQjj f jj2

W
b
2
ðSd�1Þ; ð3:9Þ

where Q is the constant (independent of h) from Lemma 3.1.

Proof. For zAZh and iAf1; 2g we shall set

OiðzÞ ¼ fiðGðz; %MhÞ-UiÞCBð0; 1Þ: ð3:10Þ

We begin by proving the result in the integer case. Thus, for any fAW k
2 ðSd�1Þ; k a

non-negative integer, we use (2.11) and consider

X
zAZh

jj f jj2W k
2
ðGðz; %MhÞÞ ¼

X2
i¼1

X
zAZh

jjpiðwi f ÞjOiðzÞjj
2
W k
2
ðOiðzÞÞ: ð3:11Þ
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Let FA denote the characteristic function of a set ACRd : For iAf1; 2g; consider any
function gAW k

2 ðRd�1Þ: Using (3.10) and Lemma 3.1 we can writeX
zAZh

jjgjOiðzÞjj
2
W k
2
ðOiðzÞÞ ¼

X
zAZh

X
jajpk

jjDagjOiðzÞjj
2
L2ðOiðzÞÞ

¼
X
jajpk

X
zAZh

Z
OiðzÞ

ððDagjOiðzÞÞ
2ðxÞÞ ldx

¼
X
jajpk

Z
Rd�1

X
zAZh

FOiðzÞðxÞðDagðxÞÞ2 dx

pQ
X
jajpk

jjDagjj2L2ðRd�1Þ ¼ Qjjgjj2W k
2
ðRd�1Þ: ð3:12Þ

Applying these arguments to g ¼ piðwi f ÞAW k
2 ðRd�1Þ; and substituting into (3.11)

provides the result for the integer order spaces.

Since %Mho %Mh0oCA=3; we can use Lemma 2.3(iii) to conclude that if OiðzÞ is not
an open Euclidean ball then piðwi f ÞjOiðzÞ is the zero function. In particular, for any

fAW kþt
2 ðSd�1Þ; where tAð0; 1Þ; we can write

X
zAZh

jj f jj2W kþt
2

ðGðz; %MhÞÞ ¼
X2
i¼1

X
zAEhðiÞ

jjpiðwi f ÞjOiðzÞjj
2
W kþt
2

ðOiðzÞÞ; ð3:13Þ

where

EhðiÞ ¼ fzAZh :OiðzÞ is an open Euclidean ballg: ð3:14Þ

Fix iAf1; 2g and let fi ¼ piðwi f Þ: Then using (1.8) we haveX
zAEhðiÞ

jj fijOiðzÞjj
2
W kþt
2

ðOiðzÞÞ ¼
X

zAEhðiÞ

Z
N

0

ðKðt; fijOiðzÞÞÞ
2 dt

t2tþ1

¼
Z

N

0

X
zAEhðiÞ

ðKðt; fijOiðzÞÞÞ
2 dt

t2tþ1
: ð3:15Þ

Since OiðzÞ is an open Euclidean ball for zAEhðiÞ we have that

W kþ1
2 ðOiðzÞÞ ¼ W kþ1

2 ðRd�1ÞjOiðzÞ ðsee ½2�Þ:

Furthermore, the ‘‘restriction of functions from Rd�1 to OiðzÞ’’ can be viewed as a
continuous linear operator from W kþ1

2 ðRd�1Þ to W kþ1
2 ðOiðzÞÞ: This implies that we

can rewrite the K-functional as

Kðt; fijOiðzÞÞ ¼ inf
gAW kþ1

2
ðRd�1Þ

ðjjð fi � gÞjOiðzÞjjW k
2
ðOiðzÞÞ þ tjjgjOiðzÞjjW kþ1

2
ðOiðzÞÞÞ:
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Thus, by choosing any g̃AW kþ1
2 ðRd�1Þ we have the following boundX

zAEhðiÞ
ðKðt; fijOiðzÞÞÞ

2

p
X

zAEhðiÞ
ðjjð fi � g̃ÞjOiðzÞjjW k

2
ðOiðzÞÞ þ tjjg̃jOiðzÞjjW kþ1

2
ðOiðzÞÞÞ

2:

Expanding the square in the above inequality gives rise to two square terms and a
cross term. We investigate these individually.

Square terms.X
zAEhðiÞ

jjð fi � g̃ÞjOiðzÞjj
2
W k
2
ðOiðzÞÞpQ � jj fi � g̃jj2W k

2
ðRd�1Þ:

This follows by the integer order argument (3.12), and similarly we have

t2
X

zAEhðiÞ
jjg̃jOiðzÞjj

2
W kþ1
2

ðOiðzÞÞpQ � t2jjg̃jj2W kþ1
2

ðRd�1Þ:

Cross term.

2t
X

zAEhðiÞ
jjð fi � g̃ÞjOiðzÞjjW k

2
ðOiðzÞÞjjg̃jOiðzÞjjW kþ1

2
ðOiðzÞÞ

p2t
X

zAEhðiÞ
jjð fi � g̃ÞjOiðzÞjj

2
W k
2
ðOiðzÞÞ

X
zAEhðiÞ

jjg̃jOiðzÞjj
2
W kþ1
2

ðOiðzÞÞ

0@ 1A1=2

pQ � 2tjj fi � g̃jjW k
2
ðRd�1Þjjg̃jjW kþ1

2
ðRd�1Þ:

This follows by applying the Cauchy–Schwarz inequality and then employing integer
order argument (3.12). Piecing these individual bounds together allows us to
conclude that

X
zAEhðiÞ

ðKðt; fijOiðzÞÞÞ
2

0@ 1A1=2

pQ1=2ðjj fi � g̃jjW k
2
ðRd�1Þ þ tjjg̃jjW kþ1

2
ðRd�1ÞÞ:

Taking the infimum over g̃AW kþ1
2 ðRd�1Þ allows us to deduce thatX

zAEhðiÞ
ðKðt; fijOiðzÞÞÞ

2pQ � Kðt; fiÞ2: ð3:16Þ

Substituting (3.16) into (3.15) allows us to concludeX
zAZh

jj f jj2W kþt
2

ðGðz; %MhÞÞpQ
X2
i¼1

Z
N

0

Kðt; fiÞ
tt

� �2
dt

t
¼ Qjj f jj2W kþt

2
ðSd�1Þ: &
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4. A Sobolev extension theorem for the sphere

The aim of this section is to construct a continuous extension operator

EGðz;yÞ :W
k
2 ðGðz; yÞÞ-W k

2 ðSd�1Þ; with the property that
ðEGðz;yÞ f ÞjGðz;yÞ ¼ f for all fAW k

2 ðGðz; yÞÞ:

In view of (2.12) we start by extending the local functions ðwi f Þ3f�1
i jOi

AW k
2 ðOiÞ to

W k
2 ðRd�1Þ for iAf1; 2g:

Remark 4.1. If yoCA=3 then, by Lemma 2.3, we can restrict attention to the case

where Oi is an open Euclidean ball, since otherwise ðwi f Þ3f�1
i jOi

is the zero function

and thus has a trivial extension.

For the unit ball Bð0; 1Þ and for e40 sufficiently small, we can appeal to

Theorem 1.1 for a continuous extension operator EBð0;1Þ :W
k
2 ðBð0; 1ÞÞ-W k

2 ðRd�1Þ;
where

suppðEBð0;1Þ f ÞCBð0; 1þ eÞ for all fAW k
2 ðBð0; 1ÞÞ:

To define an extension operator on Bðx; rÞ we use the coordinate transform
sðyÞ ¼ ry þ x; for r40 and yARd�1; ð4:1Þ

and set

EBðx;rÞ f ðyÞ ¼ ðEBð0;1Þð f 3sÞÞ3s�1ðyÞ yARd�1: ð4:2Þ
In addition, we have that,

suppðEBðx;rÞ f ÞCBðx; rð1þ eÞÞ for all fAW k
2 ðBðx; rÞÞ: ð4:3Þ

Remark 4.2. Let zASd�1; yoCA=3; and assume that Oi ¼ Bðxi; riÞCBð0; 1Þ:We can
use Lemma 2.3(ii) to choose any eoeA such that

suppðEBðxi ;riÞ f ÞCBðxi; rið1þ eÞÞCBðxi; ri þ eÞCBð0; 1Þ:
Thus, by choosing a fixed positive eoeA; which is independent of the centre z of the
geodesic ball, we can ensure that EBðxi ;riÞ f is compactly supported in Bð0; 1Þ; for all
fAW k

2 ðBðxi; riÞÞ:

We are now in a position to prove the first extension theorem.

Theorem 4.3. Let zASd�1 and yoCA=3; then there exists an extension operator

EGðz;yÞ :W
k
2 ðGðz; yÞÞ-W k

2 ðSd�1Þ satisfying:

1. ðEGðz;yÞ f ÞjGðz;yÞ ¼ f ; for every fAW k
2 ðGðz; yÞÞ;

2. jjEGðz;yÞ f jjW k
2
ðSd�1ÞpKjj f jjW k

2
ðGðz;yÞÞ; where K is independent of f and z.

ARTICLE IN PRESS
S. Hubbert, T.M. Morton / Journal of Approximation Theory 129 (2004) 28–57 43



Proof. Let FA denote the characteristic function of a set ACSd�1: Let

fAW k
2 ðGðz; yÞÞ and pASd�1; then we define a candidate extension operator

EGðz;yÞ :W
k
2 ðGðz; yÞÞ-W k

2 ðSd�1Þ by

EGðz;yÞ f ðpÞ ¼
X2
i¼1

EOi
ððwi f Þ3f�1

i jOi
ÞðfiðpÞÞ � FUi

ðpÞ: ð4:4Þ

Using Remark 4.1, we need only focus on the case where Oi is a Euclidean ball. Thus,
we shall assume that z is located as in case ð3bÞ see Fig. 1. That is, zAU1-U2 and
Oi ¼ Bðxi; riÞ; for iAf1; 2g: In this case we have

EGðz;yÞ f ðpÞ ¼
X2
i¼1

EBðxi ;riÞððwi f Þ3f�1
i jBðxi ;riÞÞðfiðpÞÞ; ð4:5Þ

where EBðxi ;riÞ :W
k
2 ðBðxi; riÞÞ-W k

2 ðRd�1Þ is given by (4.2). In addition, we also

choose e40 as in Remark 4.1 to ensure that

suppfEBðxi ;riÞððwi f Þ3f�1
i jBðxi ;riÞÞgCBð0; 1Þ; for iAf1; 2g: ð4:6Þ

To prove part 1 we assume that pAGðz; yÞ; that is, fiðpÞABðxi; riÞ; for iAf1; 2g:
Then, by Theorem 1.1, we have

EBðxi ;riÞððwi f Þ3f�1
i jBðxi ;riÞÞðfiðpÞÞ ¼ ðwi f Þ3f�1

i ðfiðpÞÞ ¼ ðwi f ÞðpÞ;

hence

EGðz;yÞ f ðpÞ ¼
X2
i¼1

ðwi f ÞðpÞ ¼ f ðpÞ as required:

To prove part 2 we use (2.8) and consider

jjEGðz;yÞ f jj2W k
2
ðSd�1Þ ¼

X2
j¼1

jjpjðwjEGðz;yÞ f Þjj2W k
2
ðRd�1Þ

¼
X2
j¼1

jjpjðwjÞpjðEGðz;yÞ f Þjj2W k
2
ðRd�1Þ:

We note that pjðwjÞACN

0 ðRd�1Þ and so there exists a constant Kw depending only on

A and the partition of unity fwjg2j¼1 such that

jjEGðz;yÞ f jj2W k
2
ðSd�1Þ

pKw

X2
j¼1

jjpjðEGðz;yÞ f Þjj2W k
2
ðRd�1Þ
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¼ Kw

X2
j¼1

X2
i¼1

EBðxi ;riÞððwi f Þ3f�1
i jBðxi ;riÞÞðfi3f

�1
j Þ

�����
�����

�����
�����
2

W k
2
ðRd�1Þ

by ð4:5Þ

¼ Kw

X2
j¼1

X2
i¼1

EBðxi ;riÞððwi f Þ3f�1
i jBðxi ;riÞÞðfi3f

�1
j Þ

�����
�����

�����
�����
2

W k
2
ðBð0;1ÞÞ

by ð4:6Þ

p2Kw

X2
j¼1

X2
i¼1

jjEBðxi ;riÞððwi f Þ3f�1
i jBðxi ;riÞÞðfi3f

�1
j Þjj2W k

2
ðBð0;1ÞÞ:

Since A ¼ fUi;fig
2
i¼1 is an atlas for Sd�1; the coordinate changes, fi3f

�1
j :

fjðUi-UjÞ-fiðUi-UjÞ; for iajAf1; 2g; are infinitely differentiable. Therefore

there exists a constant KA; depending only on A; such that

jjEGðz;yÞ f jj2W k
2
ðSd�1Þp 2KwKA

X2
j¼1

X2
i¼1

jjEBðxi ;riÞððwi f Þ3f�1
i jBðxi ;riÞÞjj

2
W k
2
ðBð0;1ÞÞ

p 4KwKA
X2
i¼1

jjEBðxi ;riÞððwi f Þ3f�1
i jBðxi ;riÞÞjj

2
W k
2
ðRd�1Þ: ð4:7Þ

The function ðwi f Þ3f�1
i jBðxi ;riÞ belongs to W k

2 ðBðxi; riÞÞ; for iAf1; 2g: Thus, we can
appeal to Theorem 1.1 to deduce the existence of a constant Cext; independent of
ðwi f Þ3f�1

i jBðxi ;riÞ (and therefore of f ), such that

jjEGðz;yÞ f jj2W k
2
ðSd�1Þp4KwKAC2ext

X2
i¼1

jjðwi f Þ3f�1
i jBðxi ;riÞjj

2
W k
2
ðBðxi ;riÞÞ:

Taking square roots gives

jjEGðz;yÞ f jjW k
2
ðSd�1ÞpKjj f jjW k

2
ðGðz;yÞÞ; where K ¼ Cext

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4KwKA

p
; ð4:8Þ

and this completes the proof for z as in case (3b); the proof for the other cases
follows in a similar, but simpler, fashion. &

We now turn to the extension constant K (4.8) of the operator EGðz;yÞ: In

particular, we shall investigate its dependence upon the geodesic radius y: By
inspection, it is clear that the factors Kw and KA are both independent of y:However,
the factor Cext may depend upon the radii r1 or r2 and these are both related to y by
(2.16). Indeed, this dependence is established as follows.

Lemma 4.4. Let k4d�1
2 be a non-negative integer and let EBðx;rÞ :

W k
2 ðBðx; rÞÞ-W k

2 ðRd�1Þ be a linear extension operator such that, for all

fAW k
2 ðBðx; rÞÞ;

jjEBðx;rÞ f jjW k
2
ðRd�1ÞpCextjj f jjW k

2
ðBðx;rÞÞ: ð4:9Þ
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Then the extension constant Cext40 is necessarily dependent upon the radius r of the

ball.

Proof. Since k4d�1
2
the Sobolev embedding theorem [2] tells us that W k

2 ðRd�1Þ is a
space of continuous functions. Hence, there exists a constant c40 such that

c � j f ðyÞjpjj f jjW k
2
ðRd�1Þ; for all fAW k

2 ðRd�1Þ and yARd�1: ð4:10Þ

Let E denote a continuous linear extension operator and choose fAW k
2 ðBðx; rÞÞ to

be f ¼ 1: A combination of (4.9) and (4.10) yields

cpjjEBðx;rÞ f jjW k
2
ðRd�1ÞpCextjj f jjW k

2
ðBðx;rÞÞ: ð4:11Þ

Now since jj f jjW k
2
ðBðx;rÞÞ-0 as r-0 we can deduce, from (4.11), that the constant

Cext must grow to N as r-0: Hence Cext is necessarily dependent on the radius of
the ball. &

5. A restricted Sobolev extension theorem

We will now show that if EGðz;yÞ is restricted to a certain Sobolev subspace, then it

has an extension constant eKK which is independent of both z and y:We begin, again,
by investigating the analogous problem in the Euclidean setting.

5.1. The Euclidean case

Let k4d�1
2
; x�ARd�1; and consider the extension of continuous functions from

W k
2 ðBðx�; rÞÞ to W k

2 ðRd�1Þ: To simplify matters, we shall assume that

Bðx�; rÞCBð0; 1Þ and focus only on the operator
EBðx�;rÞ f ðyÞ ¼ ðEBð0;1Þð f 3sÞÞ3s�1ðyÞ yARd�1;

where EBð0;1Þ is supplied by Theorem 1.1, and where s is given by (4.1). One

advantage of this construction is that, for any fAW k
2 ðBðx�; rÞÞ; we can consider the

translated and scaled function f 3sAW k
2 ðBð0; 1ÞÞ: In particular, we have the following

useful change of variables result.

Lemma 5.1. Let aANd
0 be a multi-index with jajpk: Then, for any fAW k

2 ðBðx�; rÞÞ;
we have

jjDaf jj2L2ðBðx�;rÞÞ ¼ rðd�1Þ�2jajjjDað f 3sÞjj2L2ðBð0;1ÞÞ; ð5:1Þ

and similarly, for any fAW k
2 ðRd�1Þ; we have

jjDaf jj2L2ðRd�1Þ ¼ rðd�1Þ�2jajjjDað f 3sÞjj2L2ðRd�1Þ: ð5:2Þ

Proof. See [4, Lemma 4.9]. &
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Let X ¼ fxigN
i¼1 denote a set of distinct points in Bðx�; rÞ:We measure the density

of X in Bðx�; rÞ by assigning the local Euclidean mesh norm

r :¼ rðX ;Bðx�; rÞÞ ¼ sup
yABðx�;rÞ

minfjjx � yjj : xAXg: ð5:3Þ

Remark 5.2. Assuming that the set X ¼ fxigN
i¼1 has mesh-norm r in Bðx�; rÞ; then its

inverse image s�1ðXÞ has mesh norm r=r in Bð0; 1Þ:

We have shown, in Lemma 4.4, that the extension constant Cext of EBðx�;rÞ
necessarily depends on r: To overcome this, we consider the following subspace:eWW k

2 ðBðx�; rÞÞ ¼ f fAW k
2 ðBðx�; rÞÞ: f ðxÞ ¼ 0; xAXg; ð5:4Þ

where X is a set of distinct points in Bðx�; rÞ: We aim to show that if the local
Euclidean mesh norm r of X is small enough then the restriction of EBðx�;rÞ toeWW k
2 ðBðx�; rÞÞ has an extension constant eCCext independent of both x� and r:
We begin by providing some background material. First of all, for a fixed integer

k41 we let Pk�1ðRdÞ denote the space of all d-variate polynomials of degree at most
k � 1: The dimension of this space is

Mk�1 ¼ dimPk�1ðRdÞ ¼
k þ d � 1

d

� �
: ð5:5Þ

Let Xk ¼ fxigMk�1
i¼1 denote a set of distinct points in Rd ; we say that the set Xk isPk�1-

unisolvent if the only pAPk�1ðRdÞ to vanish on Xk is the zero polynomial.
Furthermore, if XkCBðx�; rÞ then we say that the Mk�1-tuple

ðx1;y; xMk�1ÞABðx�; rÞ 
?
 Bðx�; rÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Mk�1 times

¼ Bðx�; rÞMk�1

is Pk�1-unisolvent in Bðx�; rÞ: Let U denote the set of all Mk�1-tuples,

ðx1;y; xMk�1ÞARd 
?
 Rd|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
Mk�1 times

¼ ðRdÞMk�1 :

that are Pk�1-unisolvent in Rd�1; that is,

U ¼ fðx1;y; xMk�1Þ : fx1;y; xMk�1g is Pk�1-unisolventg:

We note that U is open (its complement is the set of solutions of algebraic equations).
Thus, for a given ðx1;y; xMk�1ÞAU; there exists d40; such that

Bðx1; dÞ 
?
 BðxMk�1 ; dÞCU: ð5:6Þ

Thus a Pk�1-unisolvent set of points remains Pk�1-unisolvent after a small
perturbation. This observation is summarised in the following result.
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Lemma 5.3. Let

ðx̂1;y; x̂Mk�1ÞABð0; 1Þ 
?
 Bð0; 1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Mk�1 times

ABð0; 1ÞMk�1

be Pk�1-unisolvent in Bð0; 1Þ: Then there exists dk�140 such that Bðx̂i; dk�1ÞCBð0; 1Þ;
for 1pipMk�1; and so that each element of

W ¼ Bðx̂1; dk�1Þ 
?
 Bðx̂Mk�1 ; dk�1Þ;

is Pk�1-unisolvent in Bð0; 1Þ:

The next result shows how a sufficiently dense set of points in Bðx�; rÞ can be
mapped, under s�1; to a set in Bð0; 1Þ containing a Pk�1-unisolvent subset.

Proposition 5.4. Let W; Mk�1 and dk�1 be as in Lemma 5.3. Let X ¼ fxigN
i¼1 denote a

set of NXMk�1 distinct points in Bðx�; rÞ; with local mesh norm r (5.3). If r=rodk�1;
then there exists Mk�1 distinct points,

fw1;y;wMk�1gCs�1ðXÞ ¼ fs�1ðx1Þ;y; s�1ðxNÞg;

such that ðw1;y;wMk�1ÞAW:

Proof. By Remark 5.2, the mesh norm of s�1ðXÞ in Bð0; 1Þ is r=r: Thus, for each of
the points x̂iABð0; 1Þ from Lemma 5.3, we have that

min
1pjpN

jjs�1ðxjÞ � x̂ijjor=rodk�1; for 1pipMk�1:

In other words, each Bðx̂i; dk�1Þ contains at least one element, wi say, from s�1ðX Þ;
and hence the result follows from Lemma 5.3. &

To complete our background work, we state a specialisation of an important result
due to Duchon [3].

Lemma 5.5 (Duchon). Let k4d�1
2

be a positive integer, let Bð0; 1ÞCRd�1 and let W
be as in Lemma 5.3. Then, for each ipk; there exists a constant CWðiÞ depending on

Bð0; 1Þ; W; k and i such thatX
jbj¼i

jjDbf jj2L2ðBð0;1ÞÞpCWðiÞ �
X
jbj¼k

jjDbf jj2L2ðBð0;1ÞÞ ð5:7Þ

for all fAW k
2 ðBð0; 1ÞÞ such that f ðwjÞ ¼ 0; ð1pjpMk�1Þ; for some

ðw1;y;wMk�1ÞAW:

Proof. See Section 2 of [3]. &

We are now able to prove the following restricted extension theorem.
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Theorem 5.6. Let k4d�1
2

be a positive integer, and let W; Mk�1 and dk�1 be as in

Lemma 5.3. Let X denote a set of distinct points in Bðx�; rÞCRd�1 whose mesh norm r
(5.3) satisfies

r=rodk�1:

Let EBðx�;rÞ :W
k
2 ðBðx�; rÞÞ-W k

2 ðRd�1Þ be the extension operator given by (4.2). Then

there exists a constant eCCext independent of x� and r such that

jjEBðx�;rÞ f jjW k
2
ðRd�1ÞpeCCextjj f jjW k

2
ðBðx�;rÞÞ for all fA eWW k

2 ðBðx�; rÞÞ: ð5:8Þ

Proof. Let fA eWW k
2 ðBðx�; rÞÞ; then, applying (1.6), (5.2), and (4.2), respectively, we

have

jjEBðx�;rÞ f jj2W k
2
ðRd�1Þ ¼

X
0pjajpk

rðd�1Þ�2jajjjDaðEBð0;1Þð f 3sÞÞjj2L2ðRd�1Þ:

Furthermore, since rAð0; 1Þ we can deduce that
jjEBðx�;rÞ f jj2W k

2
ðRd�1Þprðd�1Þ�2k � jjEBð0;1Þð f 3sÞjj2W k

2
ðRd�1Þ:

By Theorem 1.1 there exists a constant CBð0;1Þ; independent of x and r; such that

jjEBðx�;rÞ f jj2W k
2
ðRd�1ÞpCBð0;1Þ � rðd�1Þ�2k � jj f 3sjj2W k

2
ðBð0;1ÞÞ: ð5:9Þ

We observe that:

(i) The assumption r=rodk�1 implies, by Lemma 5.4, that there exists a set of distinct

points fw1;y;wMk�1gCs�1ðXÞ; such that ðw1;y;wMk�1ÞAWCBð0; 1ÞMk�1 :
(ii) The function f 3sAW k

2 ðBð0; 1ÞÞ vanishes at each point in s�1ðXÞ; and hence at
each wi for i ¼ 1;y;Mk�1:

Together, (i) and (ii) allow us to apply Lemma 5.5. Thus, setting AW ¼
maxfCWðiÞ : i ¼ 0;y; kg; we can employ (1.6), (5.7) and (5.1) to deduce that

jj f 3sjj2W k
2
ðBð0;1ÞÞpAWr�ðd�1Þþ2k

X
jaj¼k

jjDaf jj2L2ðBðx�;rÞÞ

pAWr�ðd�1Þþ2k
X

0pjajpk

jjDaf jj2L2ðBðx�;rÞÞ:

That is, we have

jj f 3sjj2W k
2
ðBð0;1ÞÞpAW � r�ðd�1Þþ2kjj f jj2W k

2
ðBðx�;rÞÞ: ð5:10Þ

Substituting (5.10) into (5.9) and taking square roots yields,

jjEBðx�;rÞ f jjW k
2
ðRd�1Þp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
CBð0;1Þ � AW

q
� jj f jjW k

2
ðBðx�;rÞÞ:

We note that the constant AW is independent of x� and r; and hence, setting eCCext ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
CBð0;1Þ � AW

q
completes the proof. &
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5.2. The spherical case

In Theorem 4.3, we constructed an extension operator EGðz;yÞ :

W k
2 ðGðz; yÞÞ-W k

2 ðSd�1Þ: Following the proof of this theorem to Eq. (4.7), we have

jjEGðz;yÞ f jj2W k
2
ðSd�1Þp4KwKA

X2
i¼1

jjEBðxi ;riÞ fijj2W k
2
ðRd�1Þ; ð5:11Þ

where

fi ¼ ðwi f Þ3f�1
i jBðxi ;riÞ for iAf1; 2g;

and where the constants Kw and KA are independent of z and y:

Observation 5.7. If, for a given fAW k
2 ðGðz; yÞÞ; the projected functions

fiAW k
2 ðBðxi; riÞÞ; iAf1; 2g; vanish on a sufficiently dense set of points in Bðxi; riÞ;

then we could use a combination of Theorem 5.6 and Lemma 2.4 to conclude that EGðz;yÞ
extends f independently of z and y:

The above observation provides us with the strategy to prove the first restricted

extension theorem for the sphere. To begin with we let X ¼ fxigN
i¼1 denote a set

distinct points on Sd�1 whose density is measured using the mesh norm

h :¼ hðX;Sd�1Þ :¼ sup
ZASd�1

minfgðZ; xiÞ ¼ cos�1ðZTxiÞ : xiA Xg: ð5:12Þ

For a positive integer k4d�1
2
; we consider the following subspaceeWW k

2 ðGðz; yÞÞ ¼ f fAW k
2 ðGðz; yÞÞ : f ðxiÞ ¼ 0; xiA Xg: ð5:13Þ

Suppose that fA eWW k
2 ðGðz; yÞÞ: Then, for iAf1; 2g; the projected functions

fi ¼ ðwi f Þ3f�1
i jBðxi ;riÞAW k

2 ðBðxi; riÞÞ vanish on the transformed set of points

given by

X
ðiÞ
y ¼ ffiðxÞ : xA X-Gðz; yÞgCBðxi; riÞ: ð5:14Þ

In summary, we conclude that

fA eWW k
2 ðGðz; yÞÞ ) fi ¼ ðwi f Þ3f�1

i jBðxi ;riÞA
eWW k
2 ðBðxi; riÞÞ; for iAf1; 2g;

where eWW k
2 ðBðxi; riÞÞ ¼ f fAW k

2 ðBðxi; riÞÞ : f ðxÞ ¼ 0; for xAX
ðiÞ
y g: ð5:15Þ

For iAf1; 2g; we measure the density of X
ðiÞ
y ; which we assume to be non-empty, by

assigning the local Euclidean mesh norm

ri ¼ sup
xABðxi ;riÞ

minfjjx � fiðxÞjj : xA X-Gðz; yÞg: ð5:16Þ
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Remark 5.8. Let k4d�1
2
be a positive integer and let dk�1 be as in Lemma 5.3. Let

fA eWW k
2 ðGðz; yÞÞ and assume that the local Euclidean mesh norms (5.16) satisfy
ri

ri

odk�1; for iAf1; 2g: ð5:17Þ

Then, using Theorem 5.6, there exist a constant eCCext; independent of xi and ri;
iAf1; 2g; such that

jjEGðz;yÞf jj2W k
2
ðSd�1Þp4KwKAeCC2ext X2

i¼1
jj fijj2W k

2
ðBðxi ;riÞÞ ¼ eKK2jj f jj2W k

2
ðGðz;yÞÞ:

where eKK ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4KwKA

p eCCext is independent of z and y:

Remark 5.8 provides the route to the initial restricted extension theorem for the
sphere. In order to make this rigorous we require the geometrical arguments which

relate the density of X in Sd�1 to the densities of the X
ðiÞ
y in Bðxi; riÞ; for iAf1; 2g:

Geometrical arguments. Let X ¼ fxigN
i¼1 denote a set of distinct points on Sd�1

whose density is measured by the mesh norm h given by (5.12). To measure the
density of X locally, on some Gðz; yÞ say, we assign a local mesh norm by

hL ¼ sup
ZAGðz;yÞ

minfgðZ; xÞ : xA X-Gðz; yÞg: ð5:18Þ

The following result provides a relationship between h and hL:

Lemma 5.9. Let X be a set of points on Sd�1 with mesh norm hAð0; p=6Þ: Let zASd�1;
yX3h and let hL denote the local mesh norm of X-Gðz; yÞ: Then

hLp4h: ð5:19Þ

Proof. Let ZAGðz; yÞ and let x be a closest point to Z from X: Then, by (5.12), we
have gðZ; xÞph: We prove the lemma by splitting into two cases based on the
position of x:
(a) If xAGðz; yÞ; then minfgðZ; xÞ : xA X-Gðz; yÞgpho4h:
(b) If xeGðz; yÞ; then gðx; zÞXyX3h: Thus, there exists a point Z0AGðz; yÞ; lying

on the intersection between the boundary of Gðx; 2hÞ and the geodesic arc connecting
z and x; (see Fig. 4). That is, Z0 satisfies

gðz; xÞ ¼ gðz; Z0Þ þ gðZ0; xÞ ¼ gðz; Z0Þ þ 2h:

Furthermore, there must exist a x0A X; such that gðZ0; x0Þph: The triangle inequality
allows us to deduce

gðz; x0Þp gðz; Z0Þ þ gðZ0; x0Þ ¼ gðz; xÞ � 2h þ gðZ0; x0Þ

p gðz; ZÞ þ gðZ; xÞ � hoyþ h � h ¼ y:
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Thus, x0AGðz; yÞ; and this implies
gðZ; x0ÞpgðZ; xÞ þ gðx; Z0Þ þ gðZ0; x0Þph þ 2h þ h ¼ 4h:

Hence minfgðZ; xÞ : xA X-Gðz; yÞgp4h: These arguments hold for any ZAGðz; yÞ
and so, by (5.18), the proof is complete. &

The next result shows how the geodesic mesh norm of X relates to the local

Euclidean mesh norms of the X
ðiÞ
y ; for iAf1; 2g:

Lemma 5.10. Let X be a set of points on Sd�1 with mesh norm hAð0; p=6Þ: Let zASd�1;

yX3h and assume that Gðz; yÞCUi; iAf1; 2g: Let ri denote the Euclidean mesh norm

of X
ðiÞ
y ¼ fiðX-Gðz; yÞÞ given by Eq. (5.16), then

rip4C0h; for iAf1; 2g; ð5:20Þ

where C0 is as in Lemma 2.4.

Proof. Let xABðxi; riÞ; then Z ¼ f�1
i ðxÞAGðz; yÞ: By Lemma 5.9, there exists a point

xA X such that gðZ; xÞp4h:We note that 4hp2p=3 and so we can use Lemma 2.4 to
deduce that

min
xA X-Gðz;yÞ

jjfiðZÞ � fiðxÞjj ¼ min
xA X-Gðz;yÞ

jjx � fiðxÞjjp4C0h:

This result holds for all xABðxi; riÞ and so proves the lemma. &

The extension theorem for integer order spaces. Let X denote the usual set of distinct
points in Sd�1 with mesh norm hAð0; p=6Þ; given by (5.12). Assume that yoCA=3;
and let R40; be such that y ¼ Rh: Using Lemma 5.10, we can deduce that if RX3;
then rip4C0 � h; for iAf1; 2g: Furthermore, using Lemma 2.4, there exists a constant
c040; such that

ri

ri

p
4C0 � h

ri

p
4C0 � h

c0Rh
¼ 4C0

c0R
; for iAf1; 2g: ð5:21Þ
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Thus, if RX3 and R44C0=c0dk�1 then condition (5.17) holds. In view of this, by
setting

R0 ¼ max 3;
4C0

c0dk�1

� �
; ð5:22Þ

we are able to formulate the following extension theorem.

Theorem 5.11. Let k4d�1
2

be a positive integer and let X denote a set of distinct points

on Sd�1 whose mesh norm h satisfies

ðiÞ hAð0; p=6Þ; ðiiÞ R0hoCA=3;

where R0 is given by (5.22). Let zASd�1; yAðR0h;CA=3Þ; and let EGðz;yÞ denote the

continuous extension operator given by (4.5). Then there exists a constant eKK40;
independent of z and y; such that

jjEGðz;yÞ f jjW k
2
ðSd�1ÞpeKKjj f jjW k

2
ðGðz;yÞÞ fA eWW k

2 ðGðz; yÞÞ: ð5:23Þ

Proof. The conditions of the theorem guarantee that the local mesh norms frig
2
i¼1 of

the transformed point sets fX
ðiÞ
y g2i¼1 satisfy (5.17). The theorem then follows from the

arguments set out in Remark 5.8. &

The extension theorem for fractional order spaces. We motivate this section by
recalling some standard Banach space theory.

Definition 5.12. A closed linear subspace eAA of a Banach space A is said to be a
complemented subspace of A if and only if there exists a continuous projection P on A

with PðAÞ ¼ eAA:

Let ðA0;A1Þ be an interpolation pair and let P denote a projection operator acting
upon both A0 and A1: Since a complemented subspace of a Banach space is closed,

we can consider the spaces eAA0 ¼ PðA0Þ and eAA1 ¼ PðA1Þ as Banach space in their
own right, with the inherited norms jj � jjA0

and jj � jjA1
; respectively. Furthermore,

ð eAA0; eAA1Þ is itself a valid interpolation pair. The following result is due to Triebel, see
[10]; Section 1.17.

Theorem 5.13. Let fA0;A1g and f eAA0; eAA1g denote two interpolation pairs, where eAA0

and eAA1 are the complemented subspaces of A0 and A1 respectively, with common

projection operator P: Then, for tAð0; 1Þ; we haveeAAt ¼ ð eAA0; eAA1Þt ¼ PðA0;A1Þt ¼ PðAtÞ: ð5:24Þ

That is, eAAt is the complemented subspace of At with the same projection P:

We illustrate this material with the following Sobolev space result.
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Proposition 5.14. Let k4d�1
2
; be a positive integer. Let X ¼ fxigN

i¼1 denote a set of

distinct points in Bðx�; rÞCRd�1: The familiar Sobolev subspaceeWW k
2 ðBðx�; rÞÞ ¼ f fAW k

2 ðBðx�; rÞÞ : f ðxÞ ¼ 0; xAXg;

is a complemented subspace of W k
2 ðBðx�; rÞÞ:

Proof. We can choose a set of N linearly independent cardinal functions

#giAW k
2 ðBðx�; rÞÞ with the following properties:

(i) #giðxiÞ ¼ 1; for i ¼ 1;y;N;

(ii) #gi has compact support KiCBðx�; rÞ and Ki-Kj ¼ | whenever iaj:

Then, since k4d�1
2
; we can define a projection operator on W k

2 ðBðx�; rÞÞ by

QX : f/
XN

i¼1
f ðxiÞ#gi: ð5:25Þ

We note that the null space of QX is precisely eWW k
2 ðBðx�; rÞÞ: Thus, setting PX :¼

I �QX ; where I denotes the identity, completes the proof. &

For k4d�1
2
; we can deduce that ð eWW k

2 ðBðx�; rÞÞ; eWW kþ1
2 ðBðx�; rÞÞÞ is a valid

interpolation pair. Thus, for tAð0; 1Þ; we can define its interpolation
space eWW kþt

2 ðBðx�; rÞÞ ¼ ð eWW k
2 ðBðx�; rÞÞ; eWW kþ1

2 ðBðx�; rÞÞÞt: ð5:26Þ

In particular, as a corollary of Theorem 5.13, we have the following result.

Theorem 5.15. For k4d�1
2
; and tAð0; 1Þ; we have thateWW kþt

2 ðBðx�; rÞÞ ¼ f fAW kþt
2 ðBðx�; rÞÞ : f ðxÞ ¼ 0; for xAXg:

The final aim of this paper is to prove a fractional version of Theorem 5.11. We
begin by considering the Euclidean setting where we have the following intermediate
results.

Proposition 5.16. Let tAð0; 1Þ and k4d�1
2

be a positive integer. Let EBðx�;rÞ be the

extension operator given by (4.2), which maps W kþi
2 ðBðx�; rÞÞ to W kþi

2 ðRd�1Þ; for

i ¼ 0; 1: Then

(i) EBðx�;rÞ :W
kþt
2 ðBðx�; rÞÞ-W kþt

2 ðRd�1Þ;
(ii) ðEBðx�;rÞ f ÞjBðx;rÞ ¼ f ; for all fAW kþt

2 ðBðx�; rÞÞ;
(iii) jjEf jjW kþt

2
ðRd�1ÞpCðtÞextjj f jjW kþt

2
ðBðx�;rÞÞ; where CðtÞext is independent of f.
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Proof. Parts (i) and (iii) are true by the operator interpolation property. Also,
property (ii) holds for all of the integer order spaces (cf. Theorem 1.1), it also holds

for the fractional spaces since W kþt
2 ðBðx�; rÞÞCW k

2 ðBðx�; rÞÞ: &

Proposition 5.17. Let tAð0; 1Þ and k4d�1
2

be a positive integer. Let X ¼ fxigN
i¼1

denote a set of distinct points in Bðx�; rÞCBð0; 1Þ whose mesh norm r satisfies

r
r
odk; ð5:27Þ

where dk is as in Lemma 5.3. Then there exists a constant eCCðtÞext independent of x� and r

such that

jjEBðx�;rÞ f jjW kþt
2

ðRd�1ÞpeCCðtÞextjj f jjW kþt
2

ðBðx�;rÞÞ; fA eWW kþt
2 ðBðx�; rÞÞ: ð5:28Þ

Proof. We recall, from Theorem 5.15, thateWW kþt
2 ðBðx�; rÞÞ :¼ f fAW kþt

2 ðBðx�; rÞÞ : f ðxÞ ¼ 0 xAXg:

The assumption r=rodk; allows us to deduce, from Theorem 5.6, that

jjEBðx�;rÞ f jjW kþi
2

ðRd�1ÞpCijj f jjW kþi
2

ðBðx�;rÞÞ; for all fA eWW kþi
2 ðBðx�; rÞÞ;

for iAf0; 1g; where the constants C0 and C1 are independent of x� and r: Let Ai ¼eWW kþi
2 ðBðx; rÞÞ and Bi ¼ W kþi

2 ðRd�1Þ; iAf0; 1g; then the result follows from the

operator interpolation property, which shows that eCCðtÞext ¼ C1�t
0 Ct1: &

We can now turn attention to the spherical setting and we begin by defining the
appropriate fractional subspace.

Definition 5.18. Let tAð0; 1Þ and k4d�1
2
be a positive integer. Let X ¼ fxigN

i¼1 denote

a set of distinct points in Gðz; yÞCSd�1; then we define the local fractional order
Sobolev subspace aseWW kþt

2 ðGðz; yÞÞ ¼ f fAW kþt
2 ðGðz; yÞÞ : f ðxÞ ¼ 0; xA X-Gðz; yÞg: ð5:29Þ

Using Proposition 5.16, we can recast Theorem 4.3 in terms of fractional Sobolev
spaces, and its proof is completely analogous. In particular, following the proof
through to inequality (4.7), we have

jjEGðz;yÞ f jj2W kþt
2

ðSd�1Þp4KwKA
X2
i¼1

jjEBðxi ;riÞ fijj2W kþt
2

ðRd�1Þ; ð5:30Þ

where

fi ¼ ðwi f Þ3f�1
i jBðxi ;riÞAW kþt

2 ðBðxi; riÞÞ; for iAf1; 2g: ð5:31Þ

ARTICLE IN PRESS
S. Hubbert, T.M. Morton / Journal of Approximation Theory 129 (2004) 28–57 55



Let dk be as in Lemma 5.3. Let C0 and c0 be as in (2.16), and set

R0 ¼ max 3;
4C0

c0dk

� �
: ð5:32Þ

Theorem 5.19. Let tAð0; 1Þ and k4d�1
2

be a positive integer. Let X denote a set of

distinct points on Sd�1 whose mesh norm h satisfies

ðiÞ hAð0; p=6Þ; ðiiÞ R0hoCA=3;

where R0 is given by (5.32). Let zASd�1; yAðR0h;CA=3Þ; and let EGðz;yÞ denote the

continuous extension operator given by (4.5). Then there exists a constant eKKðtÞ40;
independent of z and y; such that

jjEGðz;yÞ f jjW kþt
2

ðSd�1ÞpeKKðtÞjj f jjW kþt
2

ðGðz;yÞÞ fA eWW kþt
2 ðGðz; yÞÞ: ð5:33Þ

Proof. The conditions of the theorem guarantee that the mesh norms frig
2
i¼1 of the

transformed point sets fX
ðiÞ
y g2i¼1 satisfy (5.27). Since each fi vanishes at

X
ðiÞ
y ; iAf1; 2g; we can use Proposition 5.17, to continue inequality (5.30) as follows

jjEGðz;yÞf jj2W kþt
2

ðSd�1Þp 4KwKAðeCCðtÞextÞ2 X2
i¼1

jj fijj2W kþt
2

ðBðxi ;riÞÞ

¼ ðeKKðtÞÞ2jj f jj2W kþt
2

ðGðz;yÞÞ;

where eKKðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4KwKA

p eCCðtÞext is independent of both z and y: &
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